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Abstract
A classiﬁcation is given of all ﬂocks of quadratic cones in PG(3, q), q = 2r , admitting a linear
collineation group acting transitively on the conics. The ﬂocks are exactly the Fisher–Thas–Walker,
i.e. Betten, or linear.
© 2005 Elsevier B.V. All rights reserved.
Keywords: Spread; Conical ﬂock; Regulus-inducing group
1. Introduction
In this article, we consider ‘transitive conical ﬂocks’ which are ﬂocks of a quadratic
cone in PG(3, q) that admit a group in PGL(4, q) that act transitively on the q conics of the
ﬂock. When q is odd, certainly every semiﬁeld ﬂock will admit such a group. Furthermore,
the Walker ﬂocks of odd order and the Betten of even order will admit such groups acting
transitively. Thus, the new semiﬁeld ﬂock of order 35 will be a transitive conical ﬂock aswell
as the Knuth semiﬁeld ﬂocks and the Ganley semiﬁeld ﬂocks. So, a complete classiﬁcation
for odd order ﬂocks is a very difﬁcult problem. On the other hand, there are no semiﬁeld
ﬂocks other than the linear ﬂock, when q is even due to Johnson [6]. Hence, it is possible that
a classiﬁcationmight be considered in the even order case. In fact, we are able to completely
solve this problem in this article.
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Our main result is as follows:
Theorem 1. Let  be a translation plane of even order that corresponds to a ﬂock of
a quadratic cone. If  admits a linear collineation group G (i.e. in GL(4, q)) that acts
transitively on the components not equal to a ﬁxed component x = 0, then  is one of the
following:
(1) Betten or
(2) Desarguesian.
2. Background
Here we list the main structure theory results that we shall be using in the proof of our
main theorem.
Theorem 2 (Biliotti and Menichetti [2], Jha and Johnson [4] and Johnson and Wilke
[8]). Let  denote a translation plane of even order q2 with spread in PG(3, q) that admits
a linear collineation group G of order q2. If the elation subgroup of G has order q then 
is one of the following planes:
(1) Betten,
(2) Lüneburg-Tits,
(3) Desarguesian, or
(4) Biliotti–Menichetti of order 64.
Theorem 3 (Gevaert and Johnson [3]). Let  denote a translation plane of order q2 that
corresponds to a ﬂock of a quadratic cone.
(1) Then  admits an elation group E of order q such that the component orbits union the
axis of E are reguli.
(2) Coordinates may be chosen so that E has the following form:〈[1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1
]
; u ∈ GF(q)
〉
.
Theorem 4 (Johnson [6]). Let  denote a translation plane of even order q2 that corre-
sponds to a ﬂock of a quadratic cone.
Then  is a semiﬁeld plane if and only if  is Desarguesian.
Theorem 5 (Jha and Johnson [5]). If a translation plane of order 2t admits an afﬁne
elation group of order 2t /2 then the plane is a semiﬁeld plane.
Theorem 6 (Biliotti et al. [1]). Let  be a translation plane of order q2 with spread in
PG(3, q) that admits a linear group of order q2 that ﬁxes a component and acts regularly
on the remaining components. Then coordinates may be chosen so that the group G may be
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represented as follows:〈
b,u =

1 T (b) u+bT (b)+l(b) uT (b)+R(b)+m(u)0 1 b u0 0 1 T (b)
0 0 0 1

 ; b, u ∈ GF(q)
〉
,
where T, m, and l are additive functions on GF(q) and m(1)= 0 and such that
R(a+b)+R(a)+R(b)+l(a)T (b)+m(aT (b))+a(T (b))2 = 0, ∀a, b ∈ GF(q).
Theorem 7 (Jha and Johnson [5]). Let  be a translation plane of even order that corre-
sponds to a ﬂock of a quadratic cone. LetB denote the set of reguli that are deﬁned via the
regulus-inducing elation group E.
(1) If there exists a linear collineation not in the kernel homology group that ﬁxes each
regulus of B then  is Desarguesian.
(2) If  is non-Desarguesian, linear Baer involutions cannot exist.
Theorem 8 (Johnson and Payne [7] (5.4) and (5.5)). Let  be a conical ﬂock plane that
is not Desarguesian. Then the full collineation group of  permutes the base reguli and
induces a collineation group on the associated ﬂock.
3. Classiﬁcation of transitive conical ﬂocks of even order
In this section, we give the proof to the main theorem stated in the introduction. We
assume throughout this section the hypothesis given in the statement of the theorem. We
structure the proof as a series of lemmas. We assume that G is a collineation group that is
in GL(4, q) (i.e. ‘linear’) that acts transitively on the components not equal to x = 0 of a
conical ﬂock plane .
Lemma 1. In Theorem 6, we may assume that G is regular.
Proof. Assume that this is not the case. Then, there is a Baer involution  which permutes
the q-reguli. However, this is contrary to Theorem 7(2). 
Thus, we may now apply Theorem 6.
Lemma 2. In the group listed in Theorem 6, we may assume that m ≡ 0.
Proof. We know that we have a regulus-inducing elation group E by Theorem 3 and we
also know that E is normal if  is not Desarguesian by Theorem 8. Thus, we consider EG.
Since there are no linear Baer involutions EG=G so that E ⊆ G. Now noticing the forms
of E and G (which may be chosen to have the appropriate forms simultaneously), it follows
that m ≡ 0. 
Remark 1. Since we may use the structure of the group as listed in Theorem 6, we note
that if the group contains exactly E as an elation group then the theorem is proved since the
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Biliotti—Menichetti and Lüneburg planes are not conical ﬂock planes. Hence, we assume
that there is an elation in G − E and attempt to show that we have an elation group of
order q2/2. This will imply by Theorem 5 that the plane is a semiﬁeld plane but this in turn
implies that the plane is Desarguesian by Theorem 4.
Lemma 3. We may assume that there exists an element bo 	= 0 inGF(q) so that T (bo)=0.
Proof. If T (b)= 0 if and only if b= 0, then there are exactly q elations in the group G so
the planes are completely determined by the above remark. Hence, the remaining planes are
Betten and Desarguesian. So, we are either ﬁnished or a non-zero element bo exists such
that T (bo)= 0. 
Hence, we may assume that there are elations in G − E and that G has a regular orbit.
The group G therefore has the following form:
〈
b,u =

1 T (b) u+ bT (b)+ l(b) uT (b)+ R(b)0 1 b u0 0 1 T (b)
0 0 0 1

 u, b ∈ GF(q)
〉
and where T and l are additive functions and R a function with certain restrictions as noted
in the statement of the theorem. We note that since there are elations other than E, there
exists an element bo 	= 0 such that T (bo)= 0. Note that T (0)= l(0)= R(0)= 0 (also see
[1] proof to (2.8)).
Lemma 4. 2b,u ∈ E and (bT (b)+ l(b))T (b)= 0 for all b ∈ GF(q).
Proof. By calculation,
2b,u =


1 0 bT (b) (bT (b)+ l(b))T (b)
0 1 0 bT (b)
0 0 1 0
0 0 0 1

 .
Now note that
−10,bT (b)b,u =


1 0 0 (bT (b)+ l(b))T (b)
0 1 0 0
0 0 1 0
0 0 0 1

 ,
which implies that
(bT (b)+ l(b))T (b)= 0 ∀b ∈ GF(q).
Hence, we either have
T (b)= 0 or bT (b)+ l(b)= 0.
This proves the lemma. 
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Now if T (b) = 0, for all b then the plane is a semiﬁeld plane, implying the plane is
Desarguesian by Theorem 4. Hence, we may assume that T (bo) = 0 but T (b) 	= 0. Thus,
bT (b)+ l(b)= 0. We form

1 0 l(bo) R(bo)
0 1 bo 0
0 0 1 0
0 0 0 1




1 T (b) bT (b)+ l(b)= 0 R(b)
0 1 b 0
0 0 1 T (b)
0 0 0 1


=


1 T (b) l(bo) R(b)+ R(bo)+ l(bo)T (b)
0 1 bo + b boT (b)
0 0 1 T (b)
0 0 0 1

 .
Note that this must be the element
bo+b,boT (b)
=


1 T (bo+b) boT (b)+(bo+b)T (bo+b)+l(bo+b) boT (b)T (bo+b)+R(bo+b)
0 1 bo+b boT (b)
0 0 1 T (b)
0 0 0 1

 .
This implies that the corresponding (1, 2)-entries are equal so that we have
∗ : R(b)+ R(bo)+ l(bo)T (b)= boT (b)T (b + bo)+ R(bo + b).
Now form

1 T (b) bT (b)+ l(b)= 0 R(b)
0 1 b 0
0 0 1 T (b)
0 0 0 1




1 0 l(bo) R(bo)
0 1 bo 0
0 0 1 0
0 0 0 1


=


1 T (b) l(bo)+ boT (b) R(bo)+ R(b)
0 1 bo + b 0
0 0 1 T (b)
0 0 0 1

 .
This element must be
bo+b,0 =


1 T (bo + b) (bo + b)T (bo + b)+ l(bo + b) R(bo + b)
0 1 bo + b 0
0 0 1 T (b)
0 0 0 1

 .
Equating corresponding (1, 2)-entries, we obtain
∗∗ : R(bo + b)= R(bo)+ R(b).
Combining ∗ and ∗∗, we obtain
∗ ∗ ∗ : l(bo)T (b)= boT (b)T (b + bo)= boT (b)2,
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since T is additive and T (bo)= 0. Hence, we obtain
l(bo)= boT (b) for all b such that T (b) 	= 0.
However, this says that
boT (b)= boT (x) for all x such that T (x) 	= 0.
Since bo 	= 0, this implies that
{T (y); y ∈ GF(q)}
has cardinality exactly two. Let E+ denote the full elation subgroup of G. Then, T (b) =
T (a) 	= 0 implies b,uE+=a,vE+. However, this says that there is an afﬁne elation group
of order q2/2. By Theorem 5, this implies that the plane is a semiﬁeld plane. However,
again by Theorem 4, this says that the plane is Desarguesian. This completes the proof of
our main result.
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